At redshifts below z = 2, the majority of supermassive black hole (SMBH) mass estimates are obtained from modeling stellar kinematics or the dynamics of ionized molecular gas in the vicinity of the galaxy nucleus. For large early type galaxies, there appears to be a systematic disagreement between these two methods: stellar kinematics models predict higher masses than gas-dynamical models -an explicit example of which is M87, in which the discrepancy is a factor of two, more than 2 σ. Critical to the latter is the assumed underlying dynamical state of the gas; typically assumed to be on circular Keplerian orbits, potentially with some additional turbulent pressure support. This is inconsistent with models of the gas flow about low-accretion-rate SMBHs and at odds with observations of the Galactic Center. Thus, we present a simple model of non-Keplerian molecular disks and explore their implications for SMBH mass measurements. Specifically, we show that a larger central black hole with gas experiencing small amounts of radial motion can produce velocity curves similar to models that just contain circular Keplerian motions and a lower black hole mass. However, these non-Keplerian models are distinguishable from low-mass Keplerian models primarily through measurements of the velocity dispersion, wherein non-Keplerian models produce higher and narrower peak dispersions. Away from the galaxy center, but still within the circumnuclear gas disk, non-Keplerian models also become distinguishable from Keplerian models via a shift in the center of the velocity curve, related to the magnitude of the radial motion. The velocity model presented in this paper is capable of resolving the discrepancy between the ionized gas dynamics and stellar kinematics mass estimates, and is applicable to gas dynamical mass estimates of SMBHs in general.
INTRODUCTION
Since first being implicated as the engines of quasars (Lynden-Bell 1978) , it now appears that every luminous galaxy contains a supermassive black hole (SMBH), with masses ranging from 10 6 M to 10 10 M , at its center (Ferrarese & Ford 2005) . Despite composing less than 0.01% of their host galaxy's mass, these are far from incidental; active galactic nuclei (AGNs), the rapidly accreting manifestation of SMBHs, produce enormous electromagnetic and kinetic luminosities, with ≈ 10% driving relativistic jets that extend intergalactic distances. SMBH masses are correlated with their host galaxy properties, including the velocity dispersion of bulge stars σ (Ferrarese & Merritt 2000; , and total luminosity of the bulge (Kormendy & Richstone 1995; Marconi & Hunt 2003) , and subsequent correlations with halo mass (Kormendy & Bender 2011) , and even the total number of globular clusters (Burkert & Tremaine 2010; Harris & Harris 2011) . These are believed to arise due to feedback mechanism associated with the AGN phase, through which SMBHs play a critical role in regulating the growth and evolution of their hosts (see, e.g., McNamara & Nulsen 2012; Fabian 2012) . Nevertheless, the origin and impact of SMBHs remains only poorly understood, in part due to the difficulty in measuring SMBH masses.
Accurately estimating the SMBH masses is difficult due to the small spheres of influence, the region where the SMBH dominates the gravitational potential, and complicated nature of galactic centers. A number of methods have been employed, with varying breadth of application and measurement precision. These include applications of the Eddington limit (Mazzucchelli et al. 2017) , to the inversion of the above scaling relations (Ferrarese 2002) , and line reverberation mapping (Blandford & McKee 1982; Peterson & Bentz 2011; Shen 2013) , all of which provide rough estimates of SMBH masses subject to various assumptions regarding AGN, their environments, and their relationships to their hosts. More precise measurements, which provide the foundation for the empirical methods mentioned above, are obtained by modeling the motion of stars or molecular gas in the nuclear region of the host galaxy (see, e.g., the review by Kormendy & Ho 2013) . In both cases, the underlying assumption is that relevant emitters are probes of the local gravitational potential, and thus when well within the sphere of influence of the central SMBH, its mass. Characterizing gas motion around the central SMBH is critical to understanding how these objects accrete, and in turn how these accreting engines feedback on their host galaxies.
For the stellar-dynamical mass measurements, it is the velocity distribution of the stars that is employed as the probe of the gravitational potential. In this case, the stars are presumed to be on ballistic orbits, determined by a gravitational potential set by both the central SMBH and the nuclear star cluster. Typically, individual stars are not resolved, admitting only measurements of integrated line shapes. Thus, based on the distribution of light, average spectra, and line shapes, the distribution of stellar masses, orbits, and mass distribution is reconstructed (Kormendy & Richstone 1995; Gebhardt & Richstone 2000; Gebhardt et al. 2011) . In contrast, for the gas-dynamical mass measurements, it is the velocity distribution of the orbiting molecular gas that employed. Typically, it is assumed that the gas is confined to a thin disk on circular orbits. These are usually Keplerian, though with pressure corrections associated with the velocity dispersion; it is not clear that this is well justified -in many cases the effective temperatures associated with the observed velocity dispersions is well in excess of that necessary to destroy the molecules responsible for the observed line emission (Macchetto et al. 1997; Barth et al. 2001; Neumayer et al. 2007; Walsh et al. 2010) .
For a handful of objects, SMBH mass estimates have been obtained using both methods, affording an opportunity to directly compare them. While these are generally consistent in a number of nearby cases (Davies et al. 2006; Pastorini et al. 2007; Neumayer et al. 2007; Cappellari et al. 2009 ), in nearly half there is a systematic difference between the stellardynamical and gas-dynamical mass estimates (Verdoes Kleijn et al. 2002; de Francesco et al. 2006; Gebhardt et al. 2011; Walsh et al. 2013 Walsh et al. , 2012 , with the latter typically being significantly smaller. In a recent case, M87, this difference is roughly a factor of two, with the stellar-dynamical modeling finding a mass of 6.6 ± 0.4 × 10 9 M while the gas-dynamical modeling finds 3.5 +0.9 −0.7 × 10 9 M . This has clear implications for the (in)efficiency of M87's jet and current mm-VLBI observations which promise to resolve the putative horizon.
Sagittarius A* (Sgr A*), the SMBH at the center of the Milky Way, provides an elucidating example. It has the virtue of having the most accurately measured mass of any SMBH, 4.3 ± 0.3 × 10 6 M , obtained via the observation of orbiting massive stars (Gillessen et al. 2009b,a; Ghez et al. 2009 ).
1 It also has a variety of historical gas-dynamical mass measurements, the earliest of which had similar spatial resolution, measured in terms of the size of the sphere of influence of the central SMBH, as those recently reported of extragalactic SMBHs (Lacy et al. 1979 (Lacy et al. , 1980 . That is, by measuring the velocities and disperisions of lines emitted by molecular gas clouds, Lacy et al. (1980) estimated a central SMBH mass of 2.4 × 10 6 M , albeit with 100% error.
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For Sgr A*, the reason for the discrepancy is clear. Subsequent observations of the Galactic center have fully resolved the molecular gas within the sphere of influence of the SMBH. Contrary to the assumption in Lacy et al. (1980) , the gas does not move along circular, Keplerian orbits. Rather, it is organized into the "mini"-spiral, a pc-scale structure with multiple arms and distinct non-Keplerian motions (Becklin et al. 1982; Montero-Castaño et al. 2009; Irons et al. 2012) . The origin of the structures in the Galactic center is the larger-scale, triaxial Galactic potential, and its interaction with the molecular torus at 3 pc Eckart et al. 2002; Genzel et al. 2010) . When the non-Keplerian, non-circular gas structures are modeled, the revised gas-dynamical mass estimate is 4.5 × 10 6 M , in agreement with that derived from stellar orbits (Irons et al. 2012) .
While the particular structure of the orbiting gas flow in the Galactic center may not be representative of the considerably brighter systems for which gas-dynamical measurements exist, there are theoretical reasons to believe that, in sub-Eddington systems, inside the Bondi radius the molecular gas does not lie on Keplerian or near-Keplerian orbits (Narayan & Yi 1994; Chan & Krolik 2017; Neumayer et al. 2007; Imanishi et al. 2018) . Hence, here we explore the impact of sub-Keplerian velocity profiles on gas-dynamical mass estimates.
Many prior attempts to explore deviations from Keplerian motion have been made. These typically invoke a turbulent effective pressure, P eff = ρσ 2 , within the molecular gas disk (Neumayer et al. 2007) . In these, the modified orbital velocity is parameterized through the choice of P eff . In no case is a significant radial velocity considered.
In contrast, we parameterize the velocity profile directly, motiviated by radiatively inefficient accretion flow (RIAF) models (Narayan & Yi 1994; Blandford & Begelman 1999; Chan & Krolik 2017) . These occur when the mass accretion rate at the black hole falls below 1% of the Eddington rate, and incorporate potentially substantial mass loss via winds, and describe the accretion flow inside the Bondi radius (Park & Ostriker 1999) . In the absence of fully specifying the gas disk structure, we parameterize the orbital and radial velocities directly:
for constants α and Ω. For advection dominated accretion flow (ADAF) models, α 0.1, and Ω 0.4 (Narayan & Yi 1995; Narayan et al. 1998) . For RIAFs these can be more modest (Quataert & Narayan 1999) . This two parameter model does directly not address the physical origin for the modified accretion flow; doing so would require modeling the global structure of the flow. However, in principle, measuring α and Ω would provide a means to reconstruct the radial density and temperature profile. Even modest deviations of Ω from unity impose large systematic uncertainties on the reconstructed SMBH mass. Within the SMBH sphere of influence, assuming a circular Keplerian flow, the mass estimate is given
Thus, setting Ω = 0.71, consistent with RIAF models, would reduce the mass by a factor of 2. Less obvious is that the introduction of a non-zero radial velocity has significant implications for the velocity dispersion.
We approach the discussion of the systematic impact on SMBH mass estimates via M87, due to the recent disagreement between gas-and stellar-dynamical measurements. In doing so we follow closely the analysis of Walsh et al. (2013) , adopting elements of their observations and emission model. However, it should be understood that our conclusions are applicable to gas-dynamical mass measurements generally. In Section 2, we describe the disk model in detail and how emission lines are computed. Implications for spatially resolved spectral observations are presented in Section 3. In Section 4 we discuss the implications of our model for the mass of M87, and the implications for the M-σ relationship generally. We collect conclusions in Section 5.
MODELING CENTRAL GAS MOTION
As mentioned above, we approximately reproduce the procedure for modeling emission lines described in Walsh et al. (2013) . Since gas dynamics mass estimates are predicated on the observation of nuclear molecular emission lines, our model simulates the observation of molecular emission lines from gas flows that exhibit sub-Keplerian motion. We assume the molecular gas lives in clouds with temperatures at or below 10 4 K, and the clouds themselves move in the potential of the central black hole on virialized orbits. Once we model the intrinsic line shape for gas inside the clouds, we generate a parameterized cloud velocity field with separate radial and azimuthal components. This intrinsic line is then boosted to produce the correct intensity for a far away observer. Lastly, we light up our gas disk with a pair of emissivity profiles derived from observations of M87's nuclear region (Walsh et al. 2013 ) to produce line intensities approximately consistent with observations. This broadened line is then smeared in the image space with an elliptical Gaussian kernel simulating the resolution of the HST STIS instrument.
For a molecular emission line, the general line shape is a Voigt profile, a combination of Gaussian and Lorentzian components (Padmanabhan 2000) . However, far from the galactic nucleus, the observed line widths are typically very narrow, implying that the processes responsible for the Lorentzian component (pressure broadening, natural line width) may be neglected (Neumayer et al. 2007; Walsh et al. 2013) . Thus, we model the natural line with a Gaussian profile,
where
where σ is the velocity dispersion of the emitting gas, and ν and ν 0 are the thermally broadened rest-frame line frequency and un-broadened line center, respectively. The existence of molecular line emission near the galactic nucleus implies the temperature of the emitting gas must be less than T ≈ 10 4 K, otherwise the emitting gas would be start to become fully ionized. However, measured central dispersions on the order of 100 kms −1 (Neumayer et al. 2007; Walsh et al. 2010 Walsh et al. , 2013 imply temperatures > 10 6 K, which should completely ionize the molecular gas and preclude any line emission in the galactic nucleus. Therefore, the existence of wide molecular lines near the galactic nucleus motivates a picture in which cooler, line-emitting clouds are embedded in a largescale, nearly virial flow. In the limit of many such clouds, the resulting lines will be Gaussian with line widths dominated by the dispersion in the turbulent cloud velocities.
From the virial theorem, the line-of-sight dispersion velocity σ is related to the gravitational potential energy via
where we associate the kinetic energy of a particle of mass m with a characteristic temperature T , and M is the mass enclosed at radius R. Using the virial line-of-sight dispersion velocity in Equation (2) broadens the natural line shape, especially near the galactic nucleus. We model the the global gas cloud motion assuming the clouds reside in a thin disk around the central black hole, tilted at an inclination i with respect to the observer's line of sight. The velocity field, β, of this disk is parameterized with a radial and azimuthal component,
where v r and v φ are given in Equation (1), andr andφ are the radial and azimuthal unit vectors relative to the central black hole and aligned in the normal way with the disk axis. We can rewrite this in terms of Cartesian coordinates X and Y , defined such that the Z-axis is aligned with the disk axis, and the X-axis is parallel to the observer's x-axis:
For a distant observer with a line of sight, k = cos iẐ + sin iŶ , the projected velocity, k · β, is
where we have expressed v r and v φ in terms of v k as described in Equation (1). We construct the observed line shape, including Doppler beaming and the Doppler shfit, via the Lorentz invariant I ν /ν 3 :
where g is the standard Doppler factor,
Finally, we use an empirically motivated emissivity model following the prescription outlined in Walsh et al. (2013) , where the emissivity is modeled by fitting a number of Gaussian components to the observed light profile. In that work, the observed light profile is fit best by two offset elliptical Gaussians, but for clarity we use a pair of concentric circular Gaussians, j 1 and j 2 :
were r 1 and r 2 are the widths of the emissivity profiles, and A and B are numerical scaling factors. For M87, we adopt the values r 1 = 6.6 pc and r 2 = 23.7 pc, and A = 26.5, B = 1.0 in arbitrary flux units, borrowing from Table 1 in Walsh et al. (2013) . The observed line intensity is then
We produce a 2.42 × 2.42 × 393Å data cube representing x and y pixel coordinates and λ respectively in the image plane, with a 0.01 spatial resolution and a 1 Å wavelength resolution centered on 6548 Å, the natural line frequency of [N II]. To project the image plane onto the disk, we counter-rotate the data cube by a position angle ϑ and then tilt by an inclination i:
where the ϑ = 6
• and i = 42
• are again taken from measurements in Walsh et al. (2013) . We simulate an HST spectrograph observation by convolving the data cube with a elliptical Gaussian kernel with standard deviations σ x = 0.1 and σ y = 0.0507 , which has the effect of blurring the spectral features in the image plane.
GENERAL OBSERVATIONAL IMPLICATIONS
In order to characterize any differences in velocity and dispersion profiles between Keplerian and non-Keplerian velocity flows, we simulate observations at five different x-locations, corresponding to slits, covering the inner 0.5 × 1.0 region centered on the black hole. For each of these simulated observations, we extract the velocity and integrated flux along From the top row, and centered on the black hole, the first slit is centered at x = −0.2 , the second slit at x = −0.1 , the third slit at x = 0.0 , the fourth slit at x = 0.1 , and the fifth slit at x = 0.2 . The Keplerian low mass model is is plotted as a thick solid blue line in all columns, the RIAF high mass model as a thick orange dashed-dot line, the Keplerian high mass model as a thin green dashed line, and the ADAF model as a thin red long dashed line.
the y-direction, and construct the dispersion by using spline interpolation to find the full-width half-max of the blurred line profile.
The only parameters that we vary between each model are the central black hole mass M and the values for α and Ω. Our baseline model is an attempt to produce similar results to those in Walsh et al. (2013) , and has a BH mass of 3.5 × 10 9 M and circular, Keplerian velocity field: α = 0 and Ω = 1.0. We also produce a model with circular Keplerian velocities for the mass estimate from Gebhardt et al. (2011) , M = 6.6 × 10 9 M , where α = 0 and Ω = 1.0.
We compare these to two non-Keplerian velocity profiles, assuming the high-mass estimate for the black hole mass in both. Following Narayan & Yi (1995) , we consider an ADAF-like velocity profile, with α = 0.072 and Ω = 0.2, arising from their self-similar model (see Fig. 1 of Narayan & Yi 1995) . We also consider a more modestly sub-Keplerian flow, similar to radiatively inefficient accretion flow (RIAF) models, for which we set α = √ 0.1 and Ω = √ 0.7. We compare radial velocity, velocity dispersion, and flux along the y-direction for these four models in Figure 1 . The Keplerian low-mass model represents the typical model for molecular gas motions in SMBH mass estimation experiments. In this model, the gas has no radial velocity component, and the azimuthal velocity component is equal to the circular Keplerian velocity. The velocity curves are approximately consistent with the model produced by Walsh et al. (2013) , and produce the expected symmetry across the slit center. The dispersions produced in our model are different than in typical gas dynamical modeling.
Unlike Walsh et al. (2013) , we assume a spatially variable turbulent dispersion, increasing with the virial temperature as described in the previous section. This produces two notable effects in the dispersion plots: the first is a higher dispersion Figure 2 . 2D spectra along the slit for a the case of a low-mass central black hole with a Keplerian velocity field (first column), a high-mass central black hole with a sub-Keplerian (RIAF) velocity field (second column), a high-mass black hole with a Keplerian velocity field (third column), and a high mass central black hole with an ADAF velocity field (fourth column). The top and bottom rows correspond to slits centered 0.1 away from the central slit. White dashed contours for the low-mass Keplerian model are shown in all panels.
away from the slit center compared to the gas dynamical models presented, e.g., in Walsh et al. (2013) . Second, there is a higher peak dispersion in the slit center. The first effect almost entirely mitigates an observational discrepancy between the modeled and observed dispersions in Walsh et al. (2013) and others, where an additional ∼ 100 km s −1 is added to the modeled constant dispersion to achieve closer fits to observed data. The second effect only produces higher dispersions than other works in the center of the central slit, where the virial dispersion can reach as high as 900 km s −1 , much higher than the order 100 km s −1 seen in constant-dispersion models. Both of these effects are sensitive to the radial emission profile in the disk.
Line-of-Sight Velocities
The high black hole mass Keplerian model produces qualitatively different velocity and dispersion profiles than the low mass Keplerian model. The velocity curves are still symmetric around the center, but all slits exhibit higher peak velocities, up to 200 km s −1 higher than the low mass Keplerian model in the central slit. The ADAF model produces radial velocities that are dramatically suppressed compared to the low mass Keplerian model, even though the black hole mass used for the ADAF model is the same as the high mass Keplerian model. The RIAF model is most similar to the low mass Keplerian model for the radial velocity curves, and in the central slit the velocity curves for the RIAF and low mass Keplerian model effectively coincide. In the other slits, the RIAF velocity curve looks like the low mass Keplerian curve, but shifted approximately 0.1 right or left depending on whether the slit is to the left or right of the central slit. The RIAF velocity profile is still similar to the low mass Keplerian curve outside the inner 0.6 in all slits. Due to typical observational uncertainties, a gas disk exhibiting even substantially non-Keplerian motions could be mistaken for a Keplerian gas disk with a smaller central black hole mass, given only the velocity data.
Velocity Dispersions
The RIAF model is distinguishable from the low mass Keplerian model in the distribution and magnitudes of the velocity dispersions. The RIAF model produces higher dispersions in the inner 0.6 than the low mass Keplerian model, and even produces higher dispersions than the high mass Keplerian model in outer slits. In the central slit, the RIAF model produces peak dispersions very near the high mass Keplerian model, roughly 300 km s −1 higher than the low mass Keplerian model. Another significant feature of the RIAF dispersion profile is the narrower peak in the central slit. Because of this, the RIAF model produces qualitatively the same dispersions as the low mass Keplerian model outside of the inner 0.2 . While the peak dispersion is higher than the low mass model, in practice distinguishing the RIAF and low mass Keplerian model in the central slit may be difficult if the slit resolution is poor. However, outside the central slit, the RIAF dispersions are generally higher than those associated with the low mass Keplerian model, and exhibit asymmetries due to the radial gas motions, and are, therefore, capable of distinguishing between the two models.
The high mass Keplerian model produces dispersions in the central slit almost 400 km s −1 higher than the low mass Keplerian model, peaking near 1200 km s −1 . The ADAF model produces velocity dispersions that are very similar to the low mass Keplerian model in every slit except for the center slit. In the center slit, the ADAF dispersion is lower than any other model by at least 300 km s −1 , and is qualitatively distinguishable from the low mass Keplerian model. This further supports the conclusion that spatially-resolved velocity dispersions provide a key signature of non-Keplerian flow velocities.
Spatially Resolved Spectra
In Figure 2 we produce spatially resolved spectra for the three innermost slits by projecting the emission line along the slit y-direction. Dashed contours in this figure are emission intensities for the low mass Keplerian model, and are plotted to facilitate comparisons with other models, and the rest-frame wavelength is 6548Å.
In the central slit, the RIAF model produces a similar spectral profile to the low mass Keplerian model, peaking approximately at the same frequency and producing the same intensity distribution across the slit. The primary difference between the RIAF and low mass Keplerian spectra is the asymmetry in intensity between the long and short wavelength peaks. In the Keplerian model, both peaks have approximately the same intensity, but long wavelength peak in the RIAF model is dimmer than the short wavelength peak, compared to both models. When we compare the low mass Keplerian and high mass Keplerian models, we can see that the high mass Keplerian model produces a wider emission profile in wavelength. The emission peaks in the high mass Keplerian model are less coincident in wavelength with the low mass model than even the RIAF model. The ADAF model is qualitatively different from the low mass Keplerian model, and produces little to no emission outside 6525Å and 6575Å.
In the outer slits, the RIAF model still has a similar emission profile to the low mass Keplerian model, but red-or blueshifted approximately 10Å depending on which side of the disk the slit observes, and the emission peaks preferentially in the same direction as the Doppler shift. The high mass Keplerian model again produces more emission across wavelengths, and the central emission ridge (orange and red regions in Figure (2) ) is larger than in the low mass Kelplerian model. The ADAF model still produces a small emission region compared to all the other models, and the emission peak is Doppler shifted from the rest wavelength by much less than the other models.
The line modeling done here is only for a single emission line. The observations in Walsh et al. (2013) measure the Hα and [NII] emission line complex, and the analysis produced in that work only incorporates data from spectra that had been satisfactorily decoupled. Close to the center, the line dispersions become large enough such that the three emission lines begin to overlap, and uniquely decomposing the lines becomes difficult. Since velocity and dispersion measurements in the very center are omitted in Walsh et al. (2013) , it is difficult to compare this work with the observational results, since the most significant difference occur in where line-decomposition becomes most difficult. The results of the modeling done in this work could exacerbate this issue; one of the key results of this work is increased dispersion for non-Keplerian models away from the center slit. This increase can blend nearby emission lines further out from the center, and make decomposition more difficult.
Trends in Non-Keplerian Models
As mentioned above, it is possible to distinguish the lowmass Keplerian model from the RIAF model via a shift in the RIAF velocity curves when observing away from the central slit, and via increased and narrower RIAF dispersion profiles compared to the low-mass Keplerian model. To better characterize these differences, we produce radial velocity and dispersion curves for two more non-Keplerian models to explore the effects of increased radial velocities in Figure 3 . These other two models both use the higher black hole mass, and have a total velocity magnitude equal to the high mass Keplerian model. The first of these new models has a radial velocity component of α = √ 0.3 and an azimuthal velocity component of Ω = √ 0.7. Compared to our proto-typical RIAF model, this has an increased radial velocity component. The other new model has α = Ω = √ 0.5. This model has an even larger radial velocity component, in exchange for a reduced azimuthal contribution.
As we increase the radial velocity, the velocity curves shift further left or right in the y-direction depending on the side of the disk we measure the dispersed spectra, and become more peaked on side of the shift. This shift can be as large as 0.3 for observations at the edges of the disk, but this shift is suppressed near the galaxy's center. In the center, increasing the radial velocity component produces a shift down in velocities, where the difference in peak velocities between the low mass Keplerian and RIAF half-and-half model is approximately 400 km s −1 . Increasing the radial velocities also produces narrower velocity dispersions in the center compared to Keplerian models, and models with the same total velocity magnitude have the same maximum dispersion in the center. Away from the galaxy center, models with increased radial velocities have systematically higher velocity dispersions across the disk relative to Keplerian models, and produce peak dispersions shifted away from the center. Some asymmetry is expected when the disk axis is rotated (rolled) with respect to the observation axis, but since radial velocity components produce more dispersion away from the galaxy center, this asymmetry is magnified. A rotated disk can also produce a shifted velocity curve, even in the Keplerian case. However, radial velocity components contribute most to Figure 1 . The Keplerian low mass model is is plotted as a solid blue line in all columns, the slightly radial RIAF high mass model as an orange dashed-dot line, the RIAF model with additional radial motion as the green dashed line, and the RIAF model with even distribution of radial and azimuthal motion as the red long-dashed line the line-of-sight velocity orthogonally to the azimuthal components. That is, radial velocities still contribute to the line-ofsight velocity at the slit origin, which shifts the velocity curve away from the Keplerian model, even when the disk is not rotated. Observationally, Walsh et al. (2013) find the best-fit emissivity for M87 is two Gaussians with slight offsets from the center. This implies that there is no drop in emissivity within ≈ 5 pc of the galaxy center, which is the resolution of their slit. Close to the black hole, accretion disk temperatures should increase enough to photo-ionize molecular gas, reducing the emissivity near the center. As mentioned above, the virial temperatures easily reach 10 8 K at a distance of 10 pc from the galaxy center, which is just within the resolution of the observations. The null result of reduced emissivity near the galaxy center suggests either sub-virialized flows, or that the molecular gas clouds act as shielding for the cooler line emitting gas inside and remain undisrupted even close to the center.
DISCUSSION

Implications for the Mass of M87
Key results of the velocity model described here are that models with radial motions produce asymmetric and narrower peaked dispersion profiles relative to Keplerian models, as well as shifted velocity curves away from the central slit. Using mass and distance parameters for M87, the velocity model presented here produces a velocity dispersion of ≈ 120 km s −1 at an angular distance of 0.5 for the RIAF model. The data presented in Figure 4 of Walsh et al. (2013) for velocity dispersion shows observed velocity dispersions of 150 ± 50 km s −1 at 0.5 . The observed dispersion also shows some evidence for an asymmetric profile, especially in the 3rd and 4th slits. In the 3rd slit, there is an ≈ 200 km s −1 difference in dispersion 
Gas Dynamics (ADAF) Stellar Dynamics Gas Dynamics (RIAF)
Gas Dynamics (reported) Figure 4 . M-σ relationship for data collected in Kormendy & Ho (2013) . Dark grey points are SMBH mass estimates made using stellar kinematics, and open red points are reported SMBH mass estimates using ionized gas dynamics. Orange points are twice the reported gas dynamics mass estimate, which is possible when assuming the ionized gas follows the slightly sub-Keplerian RIAF model described in this paper. The yellow triangles are 22 times the reported gas dynamics mass estimate, which can arise from assuming the gas is described by the very sub-Keplerian ADAF model from this paper. The gray line is the M-σ fit to the gray points, excluding the open gray points, which are the same as in Kormendy & Ho (2013) . The red, orange, and yellow lines are fits to the reported, RIAF, and ADAF gas models respectively, and the gray, red, and orange shaded regions are the 2 σ confidence regions around each fit. The yellow shaded region spans the breadth of the gas dynamics measurements to demonstrate the size of the systematic associated with the gas motions. The green (stellar kinematics) and magenta (gas dynamics) points are the measurements for Sgr A* and M87.
between −0.1 and 0.1 along the slit. While some asymmetry can arise from a rotation between the slit axis and disk axis, or a mis-aligned slit, the small rotation angle observed by Walsh et al. (2013) would preclude a difference this large. It is important to stress that this work does not attempt to actually fit a non-Keplerian velocity model to the observed data for M87. Rather, this work uses M87 mass and distance parameters to provide a physical reference for the effects non-Keplerian gas motions have on observed line-of-sight velocities and velocity dispersions.
Using the non-Keplerian models presented here, it may be possible to reconcile the discrepant mass estimates for M87 while still using the observed gas velocity data. Soon, there will be a third, independent estimate for the mass of M87 from the Event Horizon Telescope collaboration. The Event Horizon Telescope (EHT) is a global, millimeter-wavelength, verylong baseline interferometer (mm-VLBI) capable of resolution on the order of 10 µas, with the primary objective of imaging the event horizons of Sgr A* and M87 (Doeleman et al. 2008 ). Due to light-bending, the black hole should produce a shadow over the background accretion disk or jet emission with a diameter of ≈ 10 GM/c 2 . For M87, assuming a distance of 17.9 Mpc, the angular diameter of this shadow would be about 19 µas for the mass reported in Walsh et al. (2013) , and about 36 µas for the mass reported in Gebhardt et al. (2011) . This angular diameter will be resolved by the EHT, hence the EHT should produce an unambiguous estimate of the mass of M87, independent of the gas dynamical and stellar dynamical measurements. In the event the EHT produces an estimate that is higher than the lower mass estimate, the velocity models presented here can easily produce high central mass velocity and dispersion profiles qualitatively consistent with the observed gas velocity data from Walsh et al. (2013) .
Implications for the M-σ Relation
The correlation between the SMBH mass and bulge stellar velocity dispersions is one of the fundamental observational relationships between central black holes and their host galaxies. For large galaxies with high (> 200 kms −1 ) dispersions, and where SMBH masses have been estimated using both stellar dynamics and ionized gas dynamics, the stellar dynamics estimates produce higher black hole masses, as mentioned in Section 1. Motivated by this discrepancy, and by the difficulty in modeling high line dispersions in ionized gas kinematics, the analysis presented in Kormendy & Ho (2013) for the M-σ relationship omit SMBH mass estimates from gas dynamics except when the mass estimates specifically attempt to incorporate corrections for the high measured dispersions.
It is possible to apply the model presented here to the data omitted in Kormendy & Ho (2013) and reinterpret the M-σ relationship. In Figure 4 we reproduce the right side of Figure 12 in Kormendy & Ho (2013) to illustrate the impact of sub-Keplerian accretion flow models on the M-σ relationship. The red, orange, and yellow points represent gas mass estimates assuming the reported measurements, a RIAF-like velocity field, and an ADAF velocity field respectively. Using the RIAF model, gas dynamics mass estimates could be increased by a factor of two, but this does not dramatically change the slope or scatter of the M-σ relationship, as demonstrated by the orange fit. Using the ADAF model, the mass estimates would increase by an order of magnitude, and increase the scatter in the relationship in the high dispersion regime, and produce some of the highest estimates for central black hole masses. Such large black hole masses seem unreasonable, but the yellow shaded region illustrates the size of the systematic uncertainty associated with gas motions. Since M ∝ v 2 , small or moderate changes in the line-of-sight velocity from radial and sub-Keplerian motion can produce significant changes in the estimate of the central mass. For ionized gas dynamics, the largest systematic when estimating the SMBH mass comes from assumptions about the gas velocity model. Presently, stellar kinematics mass estimates dominate the trend in M-σ, but the advent of high resolution radio interferometry from projects like ALMA should produce many more gas dynamical SMBH mass estimates in the future. Developing gas velocity models that can account for the sub-Keplerian systematic will be important for producing mass estimates consistent with the stellar kinematics estimates.
The gas velocity model presented here makes it possible to simultaneously estimate the mass of the central black hole and characterize the motion of molecular gas in the gravitational influence of the central black hole. This makes it possible to look for trends in gas motion across the mass regime, which may provide insight into why the M-σ relationship saturates at high masses relative to the M-L bulge relationship.
CONCLUSIONS
By incorporating non-Keplerian velocity components, it is possible to produce velocity curves similar to those produced by circular Keplerian models in the immediate central region around the black hole, but with twice the central black hole mass. These non-Keplerian models are distinguishable from the circular Keplerian models primarily in the velocity dispersion, producing generally higher dispersions with narrower peaks. Outside the central region, it becomes possible to distinguish non-Keplerian velocity curves from circular Keplerian curves through a systematic shift in the center of the curve related to the magnitude of the radial velocity component.
For the specific case of M87, a non-Keplerian velocity profile (RIAF) with a radial component α = √ 0.1 and an azimuthal component Ω = √ 0.7 in units of circular Keplerian velocity, and a central black hole mass of 6.6 × 10 9 M , produces a velocity curve nearly coincident with a Keplerian velocity profile and central black hole mass of 3.5 × 10 9 M in the central region around the black hole. However, the peak velocity dispersion for the RIAF model is approximately 300 km s −1 higher than the velocity dispersion for the purely Keplerian model. Even outside the central region, the velocity dispersion for the RIAF model is systematically higher than the Keplerian model. Very sub-Keplerian models like an ADAF, where the azimuthal velocity component is Ω = 0.2, produce qualitatively different velocity curves and dispersion profiles from Keplerian and slightly sub-Keplerian models like the RIAF.
If we apply the model presented here to other discrepant ionized gas estimates, the incorporation of small radial velocity components would serve to increase the estimated SMBH mass. While we did not produce a full analysis of this effect for every ionized gas estimate, there is a consistent trend where one can increase the mass estimate by incorporating radial and subKeplerian velocity components. Assuming modest amounts of radial motion can increase the mass estimate by a factor of two, while not significantly affecting the M-σ relationship at the high σ e range. Assuming substantially sub-Keplerian motion, like produced in the ADAF model, can increase the mass estimate by well over an order of magnitude, and produce some of the highest black hole mass estimates ever published. The choice of how to model the dynamics of ionized gas around central black holes is a significant systematic when estimating the black hole mass, and can lead to order-of-magnitude differences in the black hole mass.
While the discussion presented here is focused on the particular case of the SMBH at the center of M87, the model we present is applicable to gas dynamical SMBH mass estimates in general, as discussed in Section 4.2. By modifying the magnitude of the radial and azimuthal velocity components, as well as the fraction of virial dispersion contributing to the total line dispersion, it will be possible not only to better model real observations of nuclear molecular line emission, but also simultaneously characterize the gas motions around the central black hole. 
